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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
Due to the high scatter affecting the post-cracking response of Fiber-Reinforced Concrete Beams (FRC-B) in bending, new 
Fiber-Reinforc d Concrete Round Determined Pa els (FRC-RDP) are tested. Accordingly, the introducti n of a model to predict 
the flexural response of FRC-RDP is of practical interest. Similarly to FRC-B, the response of centrally loaded FRC-RDP can be 
described by the Ductility Index (DI), which defines the deflection-softening or the deflection-hardening behavior. Since DI is 
proportional to the difference between ultimate and effective cracking loads, the brittle/ductile transition corresponds to DI equal 
to zero. Moreover, a linear increment of DI with the amount of fibers can be theoretically and experimentally found for both 
beams and panels. Through this general relationship, the minimum amount of fibers for ductile response can be determined. 
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1. Introduction 
As the residual tensile strength is the peculiarity of Fiber-Reinforced Concrete (FRC), material characterization is 
mainly based on the post-cracking response (fib, 2012). Experimental difficulties discourage uniaxial tensile tests on 
FRC specimens (Sorelli et al., 2005), then three (or four) point bending tests on FRC Beams (FRC-B) are commonly 
perfo med (Fig.1a). However, small fracture areas link d by few fibers are involved in beam tests, especially when 
low amounts of macro-fibers are used (Minelli and Plizzari, 2011). On the other hand, if panel tests are performed, 
larger fracture areas are generated and a reduced scatter appears (di Prisco et al. 2009). For this reason, FRC Round 
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Fig. 2. – Cross-sectional model of FRC-RDP in bending: (a)-(b) tangential and radial cross-sections; (c) crack opening; (d) strains; (e) stresses. 
If the stress-crack opening relationship of FRC is known, the stresses in tangential direction ϑ on the surface of 
the crack (with a depth  ∙ t ) can be determined (Fig.2e). Moreover, when the constitutive law of the uncracked 
concrete is available, the position of the neutral axis x and the internal bending moment mb (Fig.2e) can be computed 
by means of the equilibrium equations (referred to the unit base portion of a radial plate cross-section in Fig.2b): 
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where nb = resultant of the cross-sectional stresses in tangential direction, and z = vertical coordinate (Fig.2b).  
According to the yield-line theory (Johansen, 1972), a uniform crack rotation (i.e., a constant mb ) along the 
radius can be assumed, as well as the simultaneous formation of the three radial cracks. However, as pointed out by 
Tran et al. (2005), such hypotheses lead to inaccurate predictions of the effective cracking load. In fact, the crack 
propagation along the radius is gradual, and a variation in crack rotation between center and edges of the panel (i.e., 
a moment variation) occurs. Moreover, the yield-line theory is based on a cross-sectional approach, and the two-
dimensional behavior of the plate is neglected. Only when the cracks are completely propagated, the previous 
hypotheses are in good agreement with the experimental results (Tran et al., 2005). 
To improve the prediction of Pcr* , the behavior in the elastic stage of a circular strip of a 120 ° sector of the panel, 
having an infinitesimal width dr , is taken into account (Fig.3a). Due to the symmetry of such strip, the internal 
bending moment around the radial direction mϑ is equal on the two sides (Fig.3b). As it is well-known from the plate 
theory, mϑ is the sum of two contributions (Timoshenko, 1959): 
 rχ χm D          (5) 
where D = E ∙ I  / ( 1 – υ 2 ) = flexural rigidity of the plate; E ∙ I = flexural rigidity of a beam cross-section of depth t 
and unit base; υ = Poisson’s ratio; ϑ and r = tangential and radial curvatures. 
 
 
Fig. 3. – Linear elastic behavior of FRC-RDP: (a) 120 ° sector of the panel; (b) circular strip of the 120 ° sector. 
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Determined Panels (FRC-RDP) have been introduced for testing (ASTM, 2010). Specifically, round plates having an 
external radius Re = 400 mm and a thickness t = 75 mm, supported at 120 ° along a circle of radius Rs = 375 mm, are 
loaded in the central point (Fig.1b). Due to the statically determinate scheme, the crack pattern is predictable, 
because three radial cracks generally grow along the bisecting lines DO, EO and FO in Fig.1b. 
The results of several experimental tests (Bernard, 2000, Lambrechts, 2004, Minelli and Plizzari, 2011) show that 
beams and panels exhibit similar flexural behaviors (Fig.1c). As in FRC-B (Naaman, 2003), the post-cracking 
response of centrally loaded FRC-RDP is a function of the amount of fibers Vf . Specifically, two relative maximum 
points are shown by the applied load P vs. central deflection  curves (Fig.1c). At the first relative maximum, when 
P = Pcr* , the effective cracking occurs, whereas at the second maximum (i.e., the ultimate load Pu ) strain localization 
occurs in the tensile zone. For low amount of fibers, Pu is smaller than Pcr* (Fig.1c), and a brittle response 
(deflection-softening) takes place. Conversely, FRC elements with high Vf  show a ductile response with Pu > Pcr* in 
Fig.1c (deflection-hardening). Consequently, at the brittle/ductile transition (i.e., Pu = Pcr* in Fig.1c) the minimum 
amount of fibers Vf,min can be defined (Fantilli et al., 2016a). 
Some models able to predict the flexural response of centrally loaded FRC-RDP can be found in the literature. 
Among them, the procedure proposed by Tran et al. (2005) uses the yield-line theory (Johansen, 1972) to derive the 
P -  curve of a panel, starting from the moment-crack rotation relationship of a beam. More recently, Nour et al. 
(2011) proposed a similar model, requiring the definition of a fictitious crack model and of an additional relationship 
linking the crack depth to the panel deflection. The latter has been developed with probabilistic analyses of FRC-B. 
With the aim of predicting the post-cracking response of FRC-RDP, without defining the material properties of 
FRC, a new model is introduced herein. By means of such model, the design-by-testing procedure recently proposed 
by Fantilli et al. (2016a) to assess the brittle/ductile behavior of FRC-B is extended to FRC-RDP. 
 
 
Fig. 1. – Flexural behavior of FRC structural elements: (a) FRC-B; (b) FRC-RDP; (c) applied load vs. central deflection curves. 
2. Theoretical model 
2.1. Formulation of the problem 
By assuming that the three radial cracks of a centrally loaded FRC-RDP define equal angles of 120 ° (Fig.1b), the 
following equations identify the crack profile of Fig.2 (Nour et al., 2011): 
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where  = crack length parameter; δ =  / max = normalized deflection (max = maximum theoretical deflection); 
c1 , c2 and c3 = 12.55, 0.61 and 12.65, respectively (for t = 75 mm); w = crack opening at the bottom level. 
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where nb = resultant of the cross-sectional stresses in tangential direction, and z = vertical coordinate (Fig.2b).  
According to the yield-line theory (Johansen, 1972), a uniform crack rotation (i.e., a constant mb ) along the 
radius can be assumed, as well as the simultaneous formation of the three radial cracks. However, as pointed out by 
Tran et al. (2005), such hypotheses lead to inaccurate predictions of the effective cracking load. In fact, the crack 
propagation along the radius is gradual, and a variation in crack rotation between center and edges of the panel (i.e., 
a moment variation) occurs. Moreover, the yield-line theory is based on a cross-sectional approach, and the two-
dimensional behavior of the plate is neglected. Only when the cracks are completely propagated, the previous 
hypotheses are in good agreement with the experimental results (Tran et al., 2005). 
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where D = E ∙ I  / ( 1 – υ 2 ) = flexural rigidity of the plate; E ∙ I = flexural rigidity of a beam cross-section of depth t 
and unit base; υ = Poisson’s ratio; ϑ and r = tangential and radial curvatures. 
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where  = crack length parameter; δ =  / max = normalized deflection (max = maximum theoretical deflection); 
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Fig. 5. – Material behavior: (a) Fantilli et al. model (2016a); (b) stresses of cracked concrete; (c) stresses of uncracked concrete (fib, 2012). 
On the other hand, the mechanical behavior of uncracked concrete is modeled by means of the ascending branch 
of the Sargin’s parabola (fib, 2012) in compression, and by the linear elastic law in tension (Fig.5c). 
2.3. Numerical solution of the problem 
Based on the previous observations, the model proposed by Nour et al. (2011) can be re-formulated. The 
following iterative procedure summarizes the new approach: 
1. Assign a value to the central deflection of the plate  (Fig.1b). 
2. Calculate the crack length parameter  with Eq.(1). 
3. Compute the crack opening w  at the bottom of the plate by means of Eq.(2). 
4. Assuming a linear crack profile (Fig.2c), calculate the stresses within the depth  ∙ t by using the ϑ - w 
relationship of Fig.5b. 
5. Assume a trial value for the depth of the neutral axis x (Fig.2e). 
6. Under the hypothesis of linear strain profile (Fig.2d), calculate the stresses in the uncracked concrete by 
means of the ϑ - ϑ relationship of Fig.5c. 
7. Compute the resultant nb of the cross-sectional stresses in tangential direction with Eq.(3). 
8. If nb ≠ 0, then change x and go to step 6. 
9. Compute the internal bending moment mb by means of Eq.(4). 
10. Calculate the plate factor  with Eq.(7). 
11. Calculate the bending moment m0 in the center of the plate through Eq.(8). 
12. Calculate the cracked radius Rw by using Eq.(9). 
14. When r > Rw , compute the internal bending moments mϑ by means of Eq.(6). 
16. Determine the external load P with Eq.(10). 
Having assumed a trial value for *, if it does not correspond to that obtained with the P -  curve (Fig.4a), this 
procedure should be repeated by changing *. 
3. Definition of the Ductility Index 
The flexural response of 27 ideal FRC-RDP (ASTM, 2010) reported in Table 1 is evaluated with the theoretical 
model previously introduced. Steel fibers having a length Lf = 60 mm, a tensile strength fu = 1000 MPa, and an 
elastic modulus Ef = 210000 MPa are used in any case. As an example, the P -  diagrams of the panels C45_A60_1 
(deflection-softening response) and C45_A60_3 (deflection-hardening response) are reported in Fig.6a and Fig.6b, 
respectively. 
As for FRC-B (Fantilli et al., 2016a), the ductile behavior of FRC-RDP corresponds to a positive value of the 
following Ductility Index (DI), and Vf,min can be computed by imposing DI = 0 : 
u cr*
cr*
P P
DI
P
     (11) 
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Fig. 4. – The proposed model: (a) load vs. deflection curve; (b)-(c) moment distribution in linear elastic stage and during crack propagation. 
Under the hypotheses of ϑ = r =  and mb = E ∙ I ∙  , Eq.(5) suggests to increase the result of Eq.(4) with a factor 
1 / ( 1 – υ ) , due to the two-dimensional behavior, in the linear elastic stage (i) of Fig.4a. The obtained moment mϑ is 
not constant with the radial coordinate r , and follows a variation law similar to that of stresses ϑ shown by Minelli 
and Plizzari (2015). According to the elastic solutions of circular plates on point supports (Kirstein and Woolley, 
1967), a logarithmical approximation can be adopted (Fig.4b): 
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    (6) 
where m0 = internal moment in the center of the plate; a and b = – 0.17 and 0.235, respectively. 
During the crack propagation [stage (ii) of Fig.4a], a progressive transition between the elastic (i) and the plastic 
(iii) behavior is assumed. In particular, the plate factor  , linearly decreasing with  , is introduced to evaluate m0 . 
At the deflection *, corresponding to the minimum load during the crack growth (Fig.4a),  = 1 (i.e., the plate 
behavior is completely lost). Moreover, the gradual propagation of the radial cracks is described by the cracked 
radius Rw , assumed to linearly increase with the central deflection. In such a case, for a deflection *, Rw = Re is 
obtained. 
*
1 1 11
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Within the cracked radius, a constant value of mϑ = m0 is assumed, whereas Eq.(6) is applied beyond Rw (Fig.4c). 
Finally, the load P can be determined through the rotational equilibrium equation of a 120 ° sector of the panel 
(Fig.3a), which provides a formula similar to that of Nour et al. (2011), where M is the integral of mϑ along Re : 
s
3 3 MP
R
       (10) 
2.2. Material behavior 
The procedure introduced by Fantilli et al. (2016a) to determine the stress-crack opening relationship of FRC is 
applied. To be more precise, the fiber-reinforcement is modelled with an ideal tie, composed by a straight fiber with 
a length Lf and a diameter  , surrounded by the cross-sectional area Ac of cementitious matrix (Fig.5a). The pullout 
response of this element, calculated by taking into account the fracture mechanics of cracked concrete, and the 
bond-slip between concrete and fiber (Bažant and Cedolin, 1991), provides the ϑ - w relationship of FRC (Fig.5b).  
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At the deflection *, corresponding to the minimum load during the crack growth (Fig.4a),  = 1 (i.e., the plate 
behavior is completely lost). Moreover, the gradual propagation of the radial cracks is described by the cracked 
radius Rw , assumed to linearly increase with the central deflection. In such a case, for a deflection *, Rw = Re is 
obtained. 
*
1 1 11
          
    (7) 
bm m        (8) 
w e e*R R R
       (9) 
Within the cracked radius, a constant value of mϑ = m0 is assumed, whereas Eq.(6) is applied beyond Rw (Fig.4c). 
Finally, the load P can be determined through the rotational equilibrium equation of a 120 ° sector of the panel 
(Fig.3a), which provides a formula similar to that of Nour et al. (2011), where M is the integral of mϑ along Re : 
s
3 3 MP
R
       (10) 
2.2. Material behavior 
The procedure introduced by Fantilli et al. (2016a) to determine the stress-crack opening relationship of FRC is 
applied. To be more precise, the fiber-reinforcement is modelled with an ideal tie, composed by a straight fiber with 
a length Lf and a diameter  , surrounded by the cross-sectional area Ac of cementitious matrix (Fig.5a). The pullout 
response of this element, calculated by taking into account the fracture mechanics of cracked concrete, and the 
bond-slip between concrete and fiber (Bažant and Cedolin, 1991), provides the ϑ - w relationship of FRC (Fig.5b).  
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Fig. 7. – Computation of DI with Eq.(12): (a) the case of ideal FRC-RDP; (b) the case of FRC-RDP tested by Minelli and Plizzari (2011). 
4. Experimental results 
To verify the accuracy of Eq.(12), the results of 20 FRC-RDP tests performed by Minelli and Plizzari (2011) are 
considered (Table 2). Two series of 5 elements are referred to standard Large Round Panels (LRP) (ASTM, 2010), 
whereas two series of 5 elements are constituted by Small Round Panels (SRP) having Re = 300 mm, Rs = 275 mm 
and t = 60 mm. Both for LRP and SRP, hooked-end steel fibers have been used ( Lf = 50 mm and fu = 1100 MPa).  
Once computed the values of DI and v for each panel (determining Vf,min as in Fig.6c), the proposed linear 
function can be compared with the experimental results (Fig.7b). Despite the unavoidable dispersion of the results, 
the linear relationship of Eq.(12) is confirmed by the tests. 
From a practical point of view, analogously to the case of FRC-B (Fantilli et al. 2016a), the value of Vf,min in a 
FRC-RDP can be determined by means of a simple procedure. Indeed, from the ductility index measured in a test 
(i.e., DI1 in Fig.7b), the corresponding v1 can be obtained with Eq.(12) and transformed into the minimum amount of 
fibers (i.e., Vf,min = Vf / v1 , where Vf = fiber volume fraction in the tested element). The only difference between FRC-
B and FRC-RDP is the slope of the linear relationship DI - v . More precisely, the slope individuated herein (i.e., 0.8) 
falls between that of FRC-B, 0.7, and that of Lightly Reinforced Concrete Beams (LRC-B), 1.0 (Fantilli et al., 
2016b). Such different slopes are due to the more effective stress distribution at ultimate stage in LRC-B than in 
FRC-B. Therefore, the findings of the present paper indicate the higher effectiveness, in terms of ductility, of FRC-
RDP with respect to FRC-B, and put into evidence the capability of the plates to redistribute the stresses. 
5. Conclusions 
According to the analyses previously described, the following conclusions can be drawn: 
1. Similarly to FRC-B, the brittle/ductile behavior of FRC-RDP can be assessed by means of the ductility 
index, which is proportional to the difference between the ultimate load and the effective cracking load. The 
minimum amount of fibers, which guarantees a ductile response, can be defined by imposing DI equal to zero.  
2. Both numerical approaches and experimental results seem to confirm the existence of a linear relationship 
between DI and the normalized reinforcement ratio v [Eq.(12)], regardless of the geometrical and mechanical 
properties of materials. 
3. The linear relationship of Eq.(12), accompanied by a single test on a FRC-RDP, defines a user-friendly tool 
for the evaluation of Vf,min , analogously to the case of FRC-B. 
4. The slope of the linear relationship of FRC-RDP falls between those of FRC-B and LRC-B. Accordingly, 
FRC-RDP is more ductile than FRC-B, although it remains less effective than LRC-B. 
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     Table 1. Properties of the ideal FRC-RDP. 
Group Panel fc (MPa) Lf /  Vf (%) Pcr* (kN) Pu (kN) DI Vf,min (%) v 
1 
C30_A80_1 
30 
80 
0.30 24.95 16.44 -0.34 
0.55 
0.54 
C30_A80_2 0.50 26.33 24.59 -0.07 0.91 
C30_A80_3 0.70 27.99 33.60 0.20 1.27 
2 
C30_A60_1 
60 
0.50 25.74 19.59 -0.24 
0.74 
0.67 
C30_A60_2 0.70 26.99 25.99 -0.04 0.94 
C30_A60_3 0.90 28.34 32.64 0.15 1.21 
3 
C30_A40_1 
40 
0.80 26.46 20.88 -0.21 
1.14 
0.70 
C30_A40_2 1.20 28.48 29.66 0.04 1.05 
C30_A40_3 1.60 30.74 39.15 0.27 1.40 
4 
C45_A80_1 
45 
80 
0.40 34.16 24.25 -0.29 
0.62 
0.65 
C45_A80_2 0.60 35.66 35.02 -0.02 0.97 
C45_A80_3 0.80 37.14 46.00 0.24 1.30 
5 
C45_A60_1 
60 
0.50 34.30 23.11 -0.33 
0.84 
0.60 
C45_A60_2 0.80 36.23 35.24 -0.03 0.96 
C45_A60_3 1.10 38.29 47.82 0.25 1.31 
6 
C45_A40_1 
40 
0.90 35.70 27.20 -0.24 
1.28 
0.70 
C45_A40_2 1.30 37.78 38.35 0.02 1.01 
C45_A40_3 1.70 39.87 49.89 0.25 1.32 
7 
C60_A80_1 
60 
80 
0.50 41.59 33.76 -0.19 
0.64 
0.78 
C60_A80_2 0.70 42.92 46.32 0.08 1.09 
C60_A80_3 0.90 44.62 59.16 0.33 1.40 
8 
C60_A60_1 
60 
0.50 41.24 26.25 -0.36 
0.88 
0.57 
C60_A60_2 0.90 43.56 45.03 0.03 1.02 
C60_A60_3 1.30 46.37 64.51 0.39 1.48 
9 
C60_A40_1 
40 
0.80 42.02 27.88 -0.34 
1.35 
0.59 
C60_A40_2 1.40 45.07 47.00 0.04 1.04 
C60_A40_3 2.00 48.48 67.12 0.38 1.48 
 
 
For each group of 3 homogeneous plates, a linear relationship between DI and Vf is attained (Fig.6c). Thus, the 
values of Vf,min , detected with the intersection between the line DI - Vf and the axis DI = 0 , are reported in Table 1. 
If the normalized reinforcement ratio v = Vf /Vf,min is introduced (Fig.7a), the existence of a linear function DI - v 
can be argued for all the FRC-RDP. This line passes through the point v = 1 , DI = 0  and has a slope of 0.8 . In other 
words, for all the groups of FRC-RDP, the evaluation of the ductility index can be performed by means of the 
following general equation: 
 0.8 1DI v       (12) 
 
Fig. 6. – FRC-RDP of group 5: (a)-(b) load vs. deflection curves of two panels; (c) ductility index vs. fiber volume fraction diagram. 
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     Table 2. Properties of the FRC-RDP tested by Minelli and Plizzari (2011). 
Group Panel fc (MPa) Lf /  Vf (%) Pcr* (kN) Pu (kN) DI Vf,min (%) v 
LRP 
LRP_2_1 
33 50 
0.25 
23.59 11.11 -0.53 
0.58 
0.44 
LRP_2_2 23.65 8.03 -0.66 
LRP_2_3 30.24 8.71 -0.71 
LRP_2_4 26.84 11.93 -0.56 
LRP_2_5 25.10 13.08 -0.48 
LRP_3_1 
0.38 
28.26 11.32 -0.60 
0.66 
LRP_3_2 25.44 20.06 -0.21 
LRP_3_3 28.42 19.93 -0.30 
LRP_3_4 24.36 14.33 -0.41 
LRP_3_5 29.27 21.70 -0.26 
SRP 
SRP_2_1 
0.25 
19.85 6.11 -0.69 
0.82 
0.31 
SRP_2_2 19.16 7.54 -0.61 
SRP_2_3 23.74 10.28 -0.57 
SRP_2_4 18.80 8.42 -0.55 
SRP_2_5 20.04 8.76 -0.56 
SRP_3_1 
0.38 
18.95 10.18 -0.46 
0.47 
SRP_3_2 21.05 12.18 -0.42 
SRP_3_3 19.33 9.73 -0.50 
SRP_3_4 21.34 12.00 -0.44 
SRP_3_5 20.22 10.39 -0.49 
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